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Cn . Abstract. We continue our study of topological partial *algebras, fo- 

^«. I cusing our attention to the interplay between the various partial multi- 

pg ■ plications. The special case of partial *-algebras of operators is examined 

, I first, in particular the link between the strong and the weak multipli- 

ed ■ cations, on one hand, and invariant positive sesquilinear (ips) forms, on 

the other. Then the analysis is extended to abstract topological partial 
*-algebras, emphasizing the crucial role played by appropriate bounded 
^N I elements, called A^-bounded. Finally, some remarks are made concern- 

ing representations in terms of the so-called partial GC*-algebras of 
.^ ' operators. 

1. Introduction 

Studies on partial *-algebras have provided so far a considerable amount 
^ ■ of information about their representation theory and their structure. In par- 
ticular, many results have been obtained for concrete partial *algebras, i.e., 
Q ' partial *-algebras of closable operators (the so-called partial 0*-algebras). 
^ ' A full analysis of these aspects has been developed by Inoue and two of us 

o' 

(N 



and it can be found in the monograph [2] , where earlier articles are quoted. 
In a recent paper [3], we have started the analysis of spectral properties 
of partial *-algebras and, in particular, partial 0*-algebras. We continue 
/\ . this study in the present work, focusing rather on the interplay between 
c^ ■ the different partial multiplications at hand. Indeed, the main feature of 
partial 0*-algebras is that they carry two natural multiplications, the weak 
one and the strong one. Even tough they are, in general, partial *-algebras 
only with respect to the first one, the interplay of the two multiplications 
allows a rather natural definition of inverse of an element and thus a good 
starting point for the spectral theory. These two ingredients (the possibility 
of defining a strong multiplication and the existence of bounded elements) 
are then introduced in the abstract context leading to the notion of topo- 
logically regular partial *-algebra. This, in turn, suggests to characterize a 
special class of topological partial *-algebras, called partial GC*-algebras, 
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both in an abstract version and in an operator version, i.e., a special class 
of partial 0*-algebras. 

In the case of a partial 0*-algebra 21, the best situation for the spec- 
tral theory occurs when 21 contains sufficiently many bounded elements, i.e., 
bounded operators. The same property will show up here. We will char- 
acterize the appropriate notion of bounded elements, namely, the so-called 
A^-bounded elements. The very name shows that the construction derives 
from a (sufficiently large) family Ai of invariant positive sesquilinear (ips) 
forms. As a matter of fact, the strong partial multiplication is also derived 
from this family, and so are the associated spectral results. For instance, an 
element x G 21 has a finite spectral radius if and only if it is A^-bounded. 
As a result, the whole picture becomes coherent. 

The notion of bounded element of a topological *-algebra was first pro- 
posed by Allan in 1965 [1| with the goal of developing a spectral theory for 
these algebras. Allan's definition was applied to 0*-algebras by Schmiidgen 
[8], but he did not include the topic in his monograph [9j. Bounded ele- 
ments in purely algebraic terms have been considered by Vidav [IS] and 
Schmiidgen [11] with respect to some (positive) cone. This ingenious ap- 
proach seems to be unfit for general partial *-algebras, since they may fail 
to possess a natural positive cone. Of course, if the locally convex partial *- 
algebra 21 contains a dense *-algebra (like the 2lo-regular partial *-algebras 
considered in Section Hj), then it has a natural positive cone, namely, the 
closure of the positive cone of 2to. However, we will not pursue in this direc- 
tion here. Finally, Cimpric defines a notion of element of a *-ring bounded 
with respect to a given module. His construction, albeit in a totally different 
context, presents some analogy with the one we describe in Section HI in 
particular the C*-seminorm used in Proposition 14.111 

The paper is organized as follows. After some preliminaries about partial 
*-algebras (Section [2]), taken mostly from [2] and [1], we discuss in Section 
[3] the interplay between the partial multiplications and sets of ips-forms. 
We show, in particular, how the strong partial multiplication on the space 
C'{'D,'H) may be characterized in terms of ips-forms. Then, in Section IH 
which is the core of the paper, we show how a sufficient family Ai of ips- 
forms leads one to the appropriate notion of A^-bounded elements and of 
the strong partial multiplication induced by Ai. The corresponding spec- 
tral elements are defined and they are shown to behave as expected. Finally, 
in Section \5\ we make some remarks on representations. In particular, we 
examine under which conditions a partial GC*-algebra may have a faithful 
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representation by a partial GC*-algebra of operators, that is, a represen- 
tation in some space £'(P,'H). It is worth mentioning that the family A4 
of ips-forms defines in a locally convex partial *-algebra a cone of positive 
elements, making possible a generalization Schmiidgen's approach in [11] to 
the present framework. We leave this investigation to a future paper. 

2. Preliminaries 

For general aspects of the theory of partial *-algebras and of their repre- 
sentations, we refer to the monograph [2] . For the convenience of the reader, 
however, we repeat here the essential definitions, following the definitions 
and notations given there. 

First we recall that a partial *-algebra 21 is a complex vector space with 
conjugate linear involution * and a distributive partial multiplication -, 
defined on a subset F C 21 x 21, satisfying the property that (x, y) G F if, 
and only if, {y* ,x*) G F and {x ■ y)* = y* ■ x* . From now on we will write 
simply xy instead oi x ■ y whenever {x, y) G F. For every y G 21, the set 
of left (resp. right) multipliers of y is denoted by L{y) (resp. R{y)), i.e., 
L{y) = {x G 21 : {x,y) e F}, resp. R{y) = {x G 21 : (y,x) G F}. We denote 
by L21 (resp. i?2l) the space of universal left (resp. right) multipliers of 21. 

In general, a partial *-algebra is not associative, but in several situations 
a weaker form of associativity holds. More precisely, we say that 21 is semi- 
associative if y G R{x) implies yz G R{x), for every z G -R2t, and 

{xy)z = x{yz). 

Throughout this paper we will only consider partial *-algebras with unit: 
this means that there exists an element e G 21 such that e = e*, e G -R2lnL2l 
and xe = ex = X, for every x G 21. 

Let "H be a complex Hilbert space and V a dense subspace of "H. We 
denote by £'{!), T-L) the set of all (closable) linear operators X such that 
D{X) = V, D{X*) D V. The set C\V,U) is a partial *-algebra with 
respect to the following operations: the usual sum Xi + X2, the scalar mul- 
tiplication AX, the involution X 1— )■ XT := X*\T) and the (weak) partial 
multiplication XinX2 = XiT*X2, defined whenever X2 is a weak right multi- 
plier of Xi (we shall write X2 G R^{Xi) or Xi G L'^(X2)), that is, whenever 
X2V C V{Xi^*) and Xi*V C I?(X2*). 

It is easy to check that Xi G L™(X2) if and only if there exists Z G 
d{V,n) such that 

(2.1) (X,^ xlr^) = {Z^\r]), W^,veV. 
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In this case Z = XinX2. >C' (T', Ti) is neither associative nor semi-associative. 
If / denotes the identity operator of H, we put /x> = llV. Then I-p is the 
unit of the partial *-algebra C^{V,1-L). 

If or C C^(V,1-L) we denote by i?™9T the set of right multipliers of all 
elements of 91. We recall that 

R"C\V,n) = {Ae C\V,n) ■. a is bounded and A : I) ^ P*}, 

where 

V* = Pi d{x^*). 

We denote by Cl{V,n) the bounded part of C^{V,'H), i.e., Cl{V,n) = 
{X e C\V, -H) : X is a bounded operator} = {X E C^{V, V) -.X e B{n)}. 

A T-invariant subspace OJt of C\'D,'H) is called a (weak) partial O*- 
algebra if XnY e m, for every X,Y eM such that X e L"(F). £t(p^ 7/) 
is the maximal partial 0*-algebra on V. 

The set C^{V) := {X G £t(p^ 7/) ; X,X^ : V ^ V} is a *-algebra; more 
precisely, it is the maximal 0*-algebra on P (for the theory of 0*-algebras 
and their representations we refer to ^). 

Some interesting classes of partial 0*-algebras (such as partial GW*- 
algebras) can be defined with help of certain topologies on C\V, H) and its 
commutants. 

The weak topology t^ on L^{T>^1-L) is defined by the seminorms 

r5,,(x) = I (xe \v) I, X e C\V,H), i,r,eV. 
The strong topology tg on C\'D,'H) is defined by the seminorms 

p^{x) = \\xa, xec\v,n),^ev. 

The strong* topology tg* on C\'D,'H) is usually defined by the seminorms 

p*(X) = max{||Xe||,||Xte||},eGl). 

If or is a 1^-invariant subset of C^{'D,'H), the weak unbounded commutant of 
^ is defined by 

m'^ = {YeC\V,'H): (xe Y^l^) = (Y^ X^r]),WXe%^,veV}. 



The weak bounded commutant 9T^ of 91 is defined by 91^ = [Y E 91^ : 
Y is bounded}. 

If 91 is a partial 0*-algebra, the quasi-weak bounded commutant 9T' of 
9T is defined as follows. 

%^ = {C G 9i; : (Cxt^ rt^) = (Cel(XnF)r/), VX G L(r),e,77 G P}. 
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If Dt is an 0*-algebra of bounded operators on V, then 9T^^ = 9T ^* . This 
statement apphes, in particular, to the set ^ := {X G C\{V,l-i) : X^X'^ : 
T) — > P}, which is an 0*-algebra of bounded operators on T> (it is in fact 
the bounded part of C^iV)) and ^3 C R^C^{V,H). Then ^^^ = ^''\ The 
fact that qj; = Civ, , imphes that ^*'* = d{V,n) and, thus, R"C\V,n) 
is ts. -dense in C){V,'H). 

In C'{'D,'H) we can consider also the so-called strong multiplication o. 
It is defined in the following way: 

X o r is well-defined if Y : V ^ D(X), X^ : V ^ D{Y^) 



^^■^^ t {XoY)^ = X{Y^), W^eV. 

We shall write Y E R^{X) (or X E L^{Y)). In general, this strong 
multiplication does not make C^{'D,T-i) into a partial *-algebra, since the 
distributive property fails. However, a subspace OJl of L^{V, T-i) may happen 
to be a partial *-algebra with respect to the strong multiplication. In this 
case we say, as in [2], that OJt is a strong partial 0*-algebra. 

A * -representation of a partial *-algebra 21 in the Hilbert space "H is a 
linear map vr : 21 — )■ C^{V^T-i) such that: (i) 7r(x*) = 7r(a;)"'" for every x G 21; 
(ii) X G L(?/) in 21 implies 7r(x) G L^{7r{y)) and 7r(a;)n7r(|/) = ir^xy). The 
*-representation tt is said to be bounded if 7r(a;) G S(?{) for every a; G 2t. 

Let if he a. positive sesquilinear form on D{ip) x D{ip), where D{ip) is a 
subspace of 21. Then we have 



(2.3) ip{x, y) = (p{y, x), "i x,y E D{(p), 

(2.4) \ip{x,y)\^^ip{x,xMy,y), \/x,yED{ip). 

We put 

N^ = {xeD{<^) ■.<^{x,x) = 0}. 

By ([23D, we have 

N^ = {xE D{^) : ^(x, y) = 0, Vy G D((/^)}, 

and so A^;^ is a subspace of D{ip) and the quotient space D{ip)/N^ := 
{A(p(x) = X + N^;x E D{ip)} is a pre-Hilbert space with respect to the 
inner product (A<^(x) |A^(y)) = ip{x,y),x,y E D{ip). We denote by Ti^ the 
Hilbert space obtained by completion of D{ip)/N^. 

A positive sesquilinear form </? on 21 x 21 is said to be invariant, and called 
an ips-form, if there exists a subspace B{{p) of 21 (called a core for ip) with 
the properties 

(ipsi) B{ip) C i?2l ; 
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(ipss) X^{B{(f)) is dense in "H^ ; 

(ipss) (p{ax,y) = ip{x,a*y), Va G 2t,Va;,y G B{ip) ; 

(ips4) (p{a*x,by) = (p{x,{ab)y), ,\/ a e L(h),\/ x,y e B{ip). 

In other words, an ips-form is an everywhere defined biweight, in the sense 

of [2]. 

To every ips-form ip on 21, with core B{(f), there corresponds a triple 
(vr^, A^,?/^), where "H^ is a Hilbert space, A^ is a hnear map from B{ip) 
into Ti^p and vr^ is a *-representation on 21 in the Hilbert space H^. We refer 
to [2] for more details on this celebrated GNS construction. 

Let 21 be a partial *-algebra with unit e. We assume that 21 is a locally 
convex Hausdorff vector space under the topology r defined by a (directed) 
set {pa}a€i of semiuorms. Assume thatij 

(cl) for every a; G 21, the linear map L^ : R{x) — )■ 21 with L^^y) = xy, y G 
R{x), is closed with respect to r, in the sense that, if {ya} C R{x) 
is a net such that ya ^ y and xy^ — )■ -2 G 21, then y G R{x) and 
z = xy. 

Starting from the family of seminorms {pa}a<^i-, we can define a second 
topology r* on 21 by introducing the set of seminorms {p*(a;)}, where 

p* (x) = max{pa (x) , p„ (x* ) } , x G 21. 

The involution x i— >■ x* is automatically r*-continuous. By (cl) it follows 
that, for every x G 21, L^, is r* -closed. And it turns out that the map 
Ry : X G L(|/) I— )■ xy G 21 is also r* -closed. 

If 2to is a r*-dense subspace of i?2t, then the restriction L^. t2lo to 2to of 
the map L^,. is r-closable. Let us denote by L° its r-closure defined on the 
following subspace of 21: 

D{Ll) = {y G 21 : 3{y«} C 2lo, y^ ^ y; xy^ ^ z e 21}. 

In terms of the latter, we may define a new multiplication • on 21 by 
y G i?2i„(x) ^ye Dill) and x* G D(L°J 
x.y := L°?/ = \ima{lx\^o)ya- 
We refer to the multiplication • as the strong multiplication induced by 
2lo. Clearly, R<^^{x) C -R(x), i.e., if x«y is well-defined, then y G i?(x) and 
x*y = xy. On the other hand, if y G R{x), x-y need not be defined. The 
definition itself implies that x-y is well-defined if, and only if, y* 'X* is 
well-defined and one has 

[X'y) =y .X . 



Condition (cl) was called (tl) in [J]. 
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We remark that, in general • does not make 21 into a partial *-algebra, 
since the distributive law may fail. 

Let 21 be a partial *-algebra with unit e and assume that 21 is a locally 
convex space with respect to a given topology r. Then 21 is called topo- 
logically regular if it satisfies (cl) and -R21 fl L21 contains a distinguished 
*-algebra 2to, i.e., 2lo is a r*-dense *-subalgebra of 2t (containing the unit e) 
such that, for the multiplication • induced by 2lo, the following associative 
law holds, for all x,y,z G 21: 

if z G R{y),yz G R{x) and y G i?2io(a;), then z G R{x'y), 
and 

(2.5) x{yz) = {x'y)z. 

In particular the following semi-associativity with respect to 2to holds: if 
X'y is well-defined, then x • (yb) is well defined for every 6 G 2to and 

{x-y)b = x{yb), 

which follows easily from (12. 5p . 

An element a G 21 of a topologically regular partial *-algebra 21 is called 
left T-bounded if there exists 7a > such that 

(2.6) pa{ax) < 'jaPaix), W X E -R2t, ^ a E Z. 

The set of left r-bounded elements of 21 is denoted by 2tib. In general, x G 2lib 
does not imply that x* G 2t|b. For a G 2l|b we put 

11*^1116 ~ sup{pa{ax) : a eX, X E i?2t, Pa{x) = 1}. 

It is easily seen that \\■\\^^^ is a norm on 2l|b [1]. 

A topologically regular partial *-algebra 21 with a distinguished *-subalgebra 
2to is called a partial GC*-algebra if 

(i) 21 is r*-complete; 
(ii) 2to C 2l|b and 2lo is r*-dense in 21; 
(iii) 2tib is a C*-algebra with respect to the norm |H||b- 

3. Partial multiplication vs. ips-forms 

We begin by examining in some detail the topological structure of jC^{T>, T-i) 
(or, more generally, of a partial 0*-algebra SK) when it is endowed with the 
topology ts or t^*. 

As already mentioned, C){V,'H) contains a distinguished *-algebra ^, 
ts* -dense. It is easily seen that both the left and right multiplications by 
fixed elements of *P are continuous for the two topologies t^ and t^* . 
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Remark 3.1. The semi-associativity with respect to *P can be easily checked 
as follows, without making reference to the topological regularity. Let Ai,A2 G 
C\V,H) with AinA2 well-defined and B e ^. Then A2 : V ^ D{Ai^*) 
and Ai -.V ^ D{A2*). Since B : V -^ V, this implies that A2aB : V -^ 
D(Ai^ ). On the other hand, we have that, for ^,1] gV: 

A2nBi \A\r,) = (i?e \AlnA\r,) = (^ \B*{A\nA\)r^) ■ 

this implies that Ajr^ G D{{A2aB)*) = D{{A2B)*). In conclusion Ai e 
L'^{A2nB). 

Elements of ^ are left t^-bounded in the sense of (12.61) (see also [^); but 
the set of all left t^-bounded elements is larger, namely it is C[{V,'H), and 
it is a C*-algebra. 

Another relevant feature of C\T)^ Ti) is the existence of sufficiently many 
ips-forms. Indeed, if ^ G P, then every positive sesquilinear form (p^ with 

cp^iX,Y):={X^\YO 

is a ts-continuous (and, a fortiori, ts*-continuous) ips-form. With the words 
sufficiently many, we mean that the unique element X G C'(T>,'H) such 
that ip^{X, X) = 0, for every ^ EV,is X = . 

The family Ai = {ip^; ^ G V} can also be used to describe the weak 
multiplication n of 0{V,1-L). Indeed, we have: 

Proposition 3.2. The weak multiplication XnY of two elements X, F G 
C'{T),'H) is well-defined if and only if there exists Z G C'{'D,T-L) such that 

(3.1) ^i:{YA,X^B) = ip^{ZA,B), V^ G P, A, fi G qj. 

Proof. The necessity of the condition follows easily from (12.11) . As for the 
sufficiency, one can put A = B = I-jy iia (13.11) and use the polarization 
identity for getting (12.11) . D 

Another characterization of the existence of the weak multiplication can 
be given in terms of approximation by elements of ^. 

Proposition 3.3. The weak multiplication XnY of two elements X,Y E 
C\T>,'H) is well-defined if and only if there exists a net {B^} of elements 
of^ such that 

(3.2) Ba ^ Y and XnB^ converges weakly to some Z G C'(T>,'H). 

Proof. Assume that Y satisfies (13.21) . Then we have, for every ^,77 G P, 
Y^ X^T] \ = lim /b^^ X^t] \ = lim {XaB^^ \r]) = {Z^\r]) . 
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The statement then follows from (12. ip . 

On the other hand, assume that XnY is well-defined and let {-Ba} be a 
net in ^ converging to Y . Then, for every ^, r/ G "D, 



\im{XnB^i\T^) = \im(B^i X^r]j = (y^ X^r]j = {XnY^\7]). 



n 



The strong multiplication of C'{V,'H), given by (12.21) . can be conve- 
niently described also by means of the vector forms defined by the inner 
product of H. To prove this result we need the following lemma. 

Lemma 3.4. Let X G C^V,H). Then 

(i) The operator S{X) := (J + XX*)^^ \ V is a weak left multiplier of 

X and a weak right multiplier of X' ; 
(ii) S{X)V is a core for X* . 

Proof (i): We need to prove that X : V ^ D{S{X)^*) and 5(X)t : V -^ 
D(X*). The first condition is trivially satisfied since D{S{Xy*) = T-L, the 
operator S{X) being symmetric and bounded. For the second, we have 

s{x)^v = s{x)v c s{x)n = D(xx*) c d{x*). 

(ii): First, we check that S{X)V is dense in T-L. Let rj E Ti he such that 
{S{X)C, \t]) = 0, for every ^ eV. Then 

By the density of "D, we get S{X)ri = 0. But S{X) is one-to-one, thus 
r; = 0. To prove that S{X)V is a core for X*, it is enough to show that 
the unique vector {0, X*(f)} in the graph of X* which is orthogonal to 
{ {t],X*t]}; 7] G S{X)V} is zero. Indeed, putting r] = S{X)^, ^ eV, 

({0,X*0} IKXM) = ({0,^*0} \{S{X)^,X*S{X)^}) 

= (0|5(X)O + (X*0|X*5(X)O 

= (0|5(x)O + (0|xx*5(x)e> 

= (0|(/ + XX*)5(X)e> 

= {4>\{i + xx*){i + xx*)-'^) 

Hence = 0. In the previous computation we took into account the following 
facts: (a) the operator X*S{X) is bounded; (b) the operator XX*{I + XX*y^ 
is also everywhere defined and bounded; hence we get X*{I + XX*) ^^.^ G D{X), 
for every ^ eV,. D 
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Theorem 3.5. Let X,Y G C^V^T-i). The following statements are equiva- 
lent: 

(i) X e L\Y) 
(ii) X e L'"{Y) and 

(iii) {{XuY)i |ztry) = (re |(XtnZt)r/) , VZ G L"(X),e,r/ G P; 
(ii2) ((FtnXt)e|rr/> = (Xte|(rnV)r7>, V V G i?-(F), e, r/ G I). 

Proof. Let X, F G /^^("D, H). The implication (i)^(ii) is easy. We prove that 
(ii)=^(i). Let X, F G £^(^, T-i) satisfy (ii). We begin with observing that the 
conditions (iii) and (ii2) are, respectively, equivalent to the following oneqj 

Y -.V ^ D{{X* IZ^Vf), VZ G L"(X) 

and X^ -.V^ D{{Y^*\VVf), VV G R"{Y). 



By Lemma [331 S{X) G L"(X) and since S{X)V is a core for X*, 

(X* t s(x)r')* = (X*)* = X. 

Thus, y : I? — 7- D(X). By applying again Lemma [33] to the operator Y' we 
obtain that S{Y^) is a right multiplier of Y and S'(yT)p is a core for Y'*. 
Then, X^ : V ^ DiX^)- In conclusion Y e L%X). D 

An interesting aspect of the interplay of the weak and strong multiplica- 
tion in C^V^V.) is the following mixed associativity property [U Prop. 3. 5], 
which proves to be useful in many situations. 

Proposition 3.6. Let X,Y,Z G d{V,n). Assume that XnY, {XnY)nZ 

and Y o Z are all well-defined. Then X G L^{Y o Z) and 

(3.3) Xn(r oZ) = {XnY)nZ. 

In other words, (12. 5p is valid in £'(P,H) with the strong partial multipli- 
cation. 

Remark 3.7. The partial 0*-algebra C^{V,'H) is topologically regular when 
endowed with the strong topology t^. Indeed, the multiplication induced by 
^ is a restriction of the strong multiplication of C^{V,1-L), since, if F G 
D(L^), then there exists a net {Ya} C ^ and Z G C^V^T-L) such that 
Y^^ -^ Y^ and XnY^^ -^ Z^, for every ^eV. This implies that Y^ G D(X) 
and ZC, = XY^, for every .^ G P. In a similar way, one proves that, if 
X"^ G D{1° .), then X^^ G D{Y^). Hence, if the multiplication induced by 
^ of X and Y is well-defined, then X o y is also well-defined and the two 
products coincide. The statement then follows from (13.31) . 



We remind the reader that if T is not densely defined, D{T*) — {rj £ H : Elry* G H : 
{T£, \v) = (C 1^* ) 1 V^ G D{T)} is not necessarily the domain of a well-defined operator. 
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The next two statements are the analogues of Proposition [3]2] and Propo- 
sition 13.31 and can be proved in a similar way. 

Proposition 3.8. The strong multiplication X oY of two elements X,Y ^ 
C){V,T-i) is well-defined if and only if there exists W G C^{V,T-L) such that 

^t^{WA, Z^B) = ip^{YA, {X^nZ^)B), 

whenever Z G L"(X), V^ G P, A, B G *P, 

and 

iPi:{W^A, VB) = ip^iX^A, {YoV)B), 

whenever V G R"{Y), V^ G P, A, 5 G qj. 

Proposition 3.9. The strong multiplication X oY of two elements X, F G 
C'iVjT-L) is well-defined if and only if there exist W G L^{V^1-L) and a net 
{Ca} of elements o/*P such that C^ ^Y and 

^^{{XnC^-W)A,z^B) ^0, ifzeu"{x),'iiev, A,5g^, 
ip^{{clnx^ -w^)A,VB) ^0, ifv eR^{Y),'iieV, A^eq^. 

The family M. = {if^; C, G V} plays an important role in the preceding 
discussion. Even though the elements of A4 do not exhaust the family of all 
strongly continuous ips- forms on C*{T),T-L), it is not restrictive to confine 
the analysis to them, since every t^-continuous ips-form on C'{T>,'H) is a 
linear combination of elements of Ai. Indeed: 

Theorem 3.10. Let DJl be a partial 0*-algehra on T>, OJIq (>• *-algebra of 
bounded operators contained in 971 and strongly* dense in 971. 

(i) Then every strongly continuous invariant positive sesquilinear form 
(p on V X V, with core 9Jto, can be represented as 

n 

(3.4) (^(X, Y) = Y, {SiX^i \SiY^,) , X,Yem, 

i=l 

for some vectors C,i, ■ ■ ■ ,Cn. of V and positive operators Si, . . . , Sn 
such that S^..., Si em'^„. 
(ii) Ifm = C^V,n) and Mq = ^3, then 

n 
i=l 

for some vectors C,i, ■ ■ ■ ,C,n ofD. 
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Proof. The strong continuity of ip implies that there exists vectors ^i, . . . , ^„ G 
V such that 



\^{x,Y)\<j2pdx)-J2p^m- 



i=l 



Let y.^ := ©"^I'H, the direct sum of n copies of Ti. We will write ©^j 
instead of (G, • • • , ^n), ^i G H. Let V^ = ©ti^- 

We define a *-representation vr of 97t into /^^(I'gjj'H^) by 

7c{X){®Vi) = ®Xrii, r]ieV,i = l,...,n. 

Let us consider the following subspaces of ©"^I'H: 

S = {n{X){(B^,);Xe Tl}, So = {7r{A){(B^,); A e Mo}. 

The strong *-density of VJIq implies that Eq = £. 
Define 

0(7r(X)(©6),7r(r)(©6)) := v{X,Y). 
The sesquilinear form 6 is bounded on S x S and extends to S x S. Then 
there exists a positive bounded operator T in the Hilbert space £ such that 

e(7r(X)(©e.),vr(r)(©e.)) = (T(©Xe.) 1©^,) . 
The condition lp(XdA, B) = Lp(A,X^nB) implies the equality: 



{TniXnA) © ^i \n{B) © 6 ) = (Tn{A) © ^, 7r(Xtn5) © ^i 



or, 

(3.5) 

{T{7i{X)nn{A)) © e. k(5) © e.) = (r7r(A) © e. (vr(Xt)n7r(5)) (B ^^) . 



Now, for every X G 971, we define an operator 7i£ on £^o by 

rts{X){7r{A)(B^^) := (7r(X)n7r(A)) © e^, A G TIq. 

It is easily seen that ^^{X) G £l^(£^07^)- With this notation, f l3.5p reads as 
follows 

{T7ieiX)in{A)®^i) HB) ® Ci) = (Tn{A)®^i \{ne{X^)in{B) ® ^^) . 

Hence T G 7r£(9Jt)^. 

Now we extend T to a bounded operator T^ on Ti^ by putting it to be 
on the orthogonal complement of S. 

Now we prove that Tg, G 7r(9Jl)^. Recalling that 7r(97to) is a *-algebra of 
bounded operators, we begin with showing that Tg, G vr(9Jto) (the ordinary 
commutant of bounded operators). Let Ps denote the projection of "H^ 
onto S. Since every tt{A), A G WIq, leaves S invariant, it follows 7t{A)P£ = 
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P£1t{A), for every A G OJIq. Moreover, if (Brji G "He, there exists a sequence 
{Bn} of elements of VJIq such that P£®rji = hm„^oo 7r(-B„) © ^j. From these 
facts, we get 



T^7r{A)P£ ®Tir = T^<A){ hm 7r(5„) © ^i 



hm Te7r(A)7r(fi„)©^i 



hm 7r(A)re7r(5„) © ^i 



7r(A)TeP£©r/,. 



Moreover, by the definition of T^^ we obtain T(^ti[A){I — P^) ® rji = T(^{I — 
P£)7r{A) © r/i = and thus T^ G 7r(aJto)'- Since M^'* D Tl, it follows that 
7r{my^ = 7t{TIo)1 = 7r(9Jlo)' and we finally conclude that T^ G 7r(an);,. 

On the other hand, the condition (p{X'fnA,YB) = ip{A,{XnY)nB), 
whenever XnY is defined, implies, in similar way, that T^ G 7r(9Jt)q^. Let 
now Tj denote the projection of T onto the subspace generated by X^i, 
X eWI and then extended to H by defining it as on the orthogonal com- 
plement. It is easily seen that T^ G 7r(9Jl)q^ if, and only if Tj G Tl'^^ for 
each i. 

Hence, 

n 

i=l 

If we put Si = T-' , then we get the representation (13.41) . If 971 = C^iV, "H), 
then (ii) follows from the equality C\V,1-L)'^^ = CI. O 

With a similar proof, one also gets 

Theorem 3.11. Let VJt be a partial 0*-algebra on V. Every strongly con- 
tinuous linear functional $ can he represented as 



n 



<i>(x) = ^(xe.|r/.), xem 

i=l 

with ^1, . . . ^„ G r* and 'qi, . . .r]n E H. 

In [1] we gave the following definition of a partial GC*-algebra of oper- 
ators. 

Definition 3.12. A partial 0*-algebra 9Jl on P is called a partial GC*- 
algebra of operators over WIq if 

(i) VJl is ts* -closed; 

(ii) njl contains a ts*-dense *-algebra DJIq of bounded operators on V; 
(iii) 9Jl|b = mt n 4(P, n) =■. Tib is a C*-algebra. 
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Remark 3.13. Every partial GC*-algebra of operators is topologically regu- 
lar. Indeed, the argument used in Remark 13.71 can be easily adapted to the 
present situation. Hence, every partial GC*-algebra of operators is a partial 
GC*-algebra in the sense of Section [2l 

Clearly 0{V,T-L) fulfills this definition if QJIq = *p. So it is natural to 
consider under which conditions a locally convex partial *-algebra 2l[r] can 
be represented into a partial GC*-algebra of operators. Some results in this 
direction were given in [4], but a deeper analysis shows that the conditions 
given there were sometimes unnecessarily strong. The crucial point for the 
existence of a nice *-representation of 2t[r] is that it possesses a sufficient 
family of ips-forms as C\'D,'H) itself does. This will be the starting point 
of the present discussion. 

4. Sufficient families of ips-forms, A^-bounded elements 

Definition 4.1. Let 21 be a partial *-algebra endowed with a locally convex 
topology r, generated by a directed set of seminorms {pa}aGi- We say that 
2l[r] is ^o-regular if there exists a *-algebra 2lo C -R21 with the following 
properties: 

(di) 2to is r-dense in 21; 

(0)2) for every b G 2to, the maps x \-^ xb and x i-)- 6x, x G 21, are continuous. 

Remark 4.2. We warn the reader that an 2lo-regular partial *-algebra 2t[r] 
is not necessarily a locally convex partial *-algebra in the sense of [2], since 
the definition of the latter requires stronger conditions (for instance, the 
continuity of the involution and of the multiplication x ^-^ xb for every fixed 
b G i?2t). 

Let now A^ be a family of positive sesquilinear forms on 21 x 21 for which 
the conditions (ipsi), (ipss) and (ips4) are satisfied with respect to 2lo and 
such that every ip ^ A4 is r-continuous, i.e., there exists pa, 7 > such 
that: 

\^{x,y)\ <iPa{x)pa{y)- 
Then (ips2) is also satisfied and, therefore, 2lo is a core for every ip E J^, so 
that every y9 G A^ is an ips-form. 

As announced above, the crucial condition is that 21 possesses sufficiently 
many ips-forms. Hence, as in [1], we introduce 

Definition 4.3. A family Ai of ips-forms on 21 x 21 with the above properties 
is sufficient if a; G 21 and ^{x^ x) = for every ip E Ai imply x = 0. 
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This condition is not empty, as the following examples show. Take U^[0, 1]: 
for 1 < p < 2 the family is trivial, so is not sufficient. For p > 2, the family 
is sufficient. In the example L^[0, 1] © -^'^ [0, 1] for 1 < p < 2 and r > 2, the 
family of forms is neither sufficient, nor trivial. 

Of course, if the family Ai is sufficient, any larger family Ai' D A^ is 
also sufficient. The maximal sufficient family is obviously the set V^^{'QV) 
of all continuous ips-forms with core 2lo, but we prefer to use the present 
notion, since it provides more flexibility. 

When 21 possesses a sufficient family Ai of ips-forms, we can define an 
extension of the multiplication in the following way. 

We say that the weak multiplication xny is well-deflned if there exists 
z E Qi such that: 

(p{ya,x*b) = (p{za,b), \/a,b E Qlo,'^ ^ ^ -M.. 

In this case, we put Xny := z. 

The following result is immediate. 

Proposition 4.4. // the partial *-algebra 21 possesses a sufficient family 
Ai of ips-forms, then 21 is also a partial *-algebra with respect to the weak 
multiplication. 

From now on we will consider only the case where 21 possesses a sufficient 
family Ai of ips-forms. 

Remark 4.5. The sesquilinear forms of Ai define the topologies generated 
by the following families of seminorms: 

X \-^ \ip{xa,b)\, ip E At,a,b E'Qlo] 

X \-^ ip{x,xy/'^, ip E At; 

X t-> max{(/9(a;, x)^/^, (f{x*, x*)^/^}, if E M 

From the continuity oi ip E Ai it follows that all the topologies r^, r^, 
(and also r^, if the involution is r-continuous) are coarser than the initial 
topology r. 

We have the following 

Proposition 4.6. The weak product xay is defined if, and only if, there 
exists a net {ba} in 2lo such that b^ — > y and xba -^ z E Qi 

Proof. Assume that xny is deflned. From the r-density of 2lo, there exists 
a net {ba} in 2lo such that ba — > y. Then one has, for every c, c' E 2lo: 
ip{{xba)c,c') = ip{baC,x*c') — )■ ip{yc,x*c') = ip{{xny)c,c'), that is, xba ~^ 



r,-^ 



s* 
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xny. Conversely, assume that there exists a net {ha} in 2lo such that ha —^ y 
and xha -^ z G 21. Then, for every a, a' G 2lo ip{ya, x*a') = \im.a '^{haa, x*a') 
\iina^p{{xha)a,a') = ip{za,a'), that is, xny is defined. D 

In the case of C\'D,'H), the weak multiphcation n coincides with the 
weak multiphcation defined here by means of ips- forms (Proposition 13.21) . 
By analogy, from now on we will always suppose that the following condition 
holds: 

(wp) xy exists if, and only if, xny exists. In this case xy = xny. 
Then, of course, L{x) = L"{x) and R{x) = R^{x). 

The first result is that, if 21 is a partial *-algebra with a sufficient family 
M. of ips-forms, and satisfying (wp), then, it satisfies the condition (cl) with 
respect to the topology t^ . 

Proposition 4.7. Let Qi be a partial *-algebra with a sufficient family AA 
of ips-forms, and satisfying (wp). Then, for every x G 21, the linear map 
\-x : R{x) — 7- 21 with \-x{y) = xy, y G R{x) is closed with respect to r^ , in 

the sense that if ya ^ y, with ya G R{x) and xya ^ -z G 21, then y G R{x) 
and z = xy. 

Proof. Let ya -^ y, with ya G R{x) and xya ^ ;z G 21. Then, again by 
(ips4), for every ip E Ai, 

ip{{xya - z)a, a') = ip{{xya)a, a) - ip{za, a) 

= (fiyatt, x*a') — Lp{za, a') — )■ ^{ya, x*a') — Lp(za, a') = 0. 

Hence, since Ai is sufficient, y G R{x) and z = xy. D 

Remark 4.8. It is clear that the same statement of Proposition 14. 71 holds for 
any topology finer than r^ and then, in particular, for the initial topology 
rof 21. 

Now we are ready to introduce the appropriate notion of bounded ele- 
ments. 

Definition 4.9. Let 21 be a partial *-algebra with a sufficient family A4 of 
ips-forms, and satisfying (wp). An element x G 21 is called A4 -bounded if 
there exists 7 > such that: 

\ip{xa,h)\ <7¥?(a,a)^/V(^&)^^^ V^ G A^, a, 5 G 2lo . 

Proposition 4.10. Let 2l[r] be an Qio-regular partial *-algebra satisfying 
condition (wp). Then, an element x G 21 zs Ai-bounded if, and only if there 
exists 7 G M such that ip{xa, xa) < 'j'^ip{a, a) for all ip E Ai and a G 2lo. 
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Proof. Assume that x G 21 is A^-bounded. By the density of 2lo, there exists 
a net {xa} € 2lo such that r — hniQ, Xa = x. The continuity of (p then imphes: 

\(p{xa,xb)\ = lim. \(p{xa,Xab)\ < 'y (p{a,ay'^\im(p{xab,Xaby''^ 

a a 

= 7 (p{a, ay'^(p{xb, xbY'"^ . 

In particular, it follows that 

y9(xa,xa) < 7^9(0, a)^'^(y9(xa,xa)^'^, 

that is ip{xa,xa) < 7^^9(0,0). 
Conversely, we have: 

\^{xa,b)\ < ^{xa,xay/^ip{b,by/^ < -i ^{a,af'^^{b,bf'^ 

n 

From the last proposition, it follows obviously that an element a; of 21 is 
A4-bounded if, and only if, x is left r^-bounded, in the sense of [1] . Let us 
define: 

(1m{'^) '■= inf{7 > : ^^(xa, xa) < 'j'^'f{a, a),WipE A^, ^ a E 2lo} 
= snp{(p{xa, xaY'"^ : (f E Ai, a E 2to, ip{a,ay''^ = 1} 

Hence q^ coincides with the norm \\■\\^^^ obtained by giving 2t the topology 
T^ (see also [6] for a similar approach)). 
Then the following holds: 

Proposition 4.11. Let x,y be Ai-bounded elements of Qi. The following 
statements hold: 

(i) X* is Ai -bounded also, and qM^x) = g^(x*); 
(ii) If xy is well-defined, then xy is Ai-bounded and 

QMixy) < qMix)qMiy). 

Proof, (i): The first part is a direct consequence of the definition. The second 
part follows from the fact that \ip{xa,b)\ = \ip{a,x*b)\ = \ip{x*b,a)\, by 
Proposition 14.101 and by definition of qMi^)- 

\ip{{xy)a,b)\ = \ip{ya,x*b)\ < ip{ya,yaf''^ip{x*b,x*bf/'^ 

< qMix)qMiy)^ia, af''^-i2ViP, bf^. 

Taking the sup on the l.h.s., we get the desired inequality. D 

Proposition 4.12. qj^ is an unbounded C* -norm onOl with domainV{qj^) := 
{x E 01 : X is At -bounded}. 

Proof. This can be deduced from [T2] or, simply, computed directly. D 
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The existence of a sufficient family A4 of ips-forms allows the definition 
of a stronger multiplication on 21, that will play a role similar to the strong 
partial multiplication on C\V,'H). 

Definition 4.13. If the family A4 of ips-forms is sufficient, we say that the 
strong multiphcation x»y is well-defined (and that x G L^{y) or y G W^i^x)) 
if X G L{y) and: 

(srrii) ip{{xy)a, z*b) = ip{ya, {x*z*)b), \/ z G L{x),\/ (p G M,Wa,b G 2lo; 
(srris) ip{{y*x*)a,vb) = ip{x*a, {yv)b), \fv G R{y),'^ip G M,'ia,b G %. 

The following characterization is immediate. 

Proposition 4.14. // the family Ai of ips-forms is sufficient, the strong 
multiplication X • y is well-defined (and x G L'^iy) or y ^ W{x)) if, and only 
if, there exists w G 21 such that: 

ip{wa, z*b) = ip{ya, {x*z*)b) whenever z G L{x), W ip E Ai, "i a,b E 2lo, 
and 

ip{w*a, vb) = ip{x*a, {yv)b) whenever v G R{y), y if E M.,'i a,b E 2lo. 
In this case, we put x • y := w . 

Remark 4.15. The uniqueness of w results from the sufficiency of the family 
Ai. Clearly, if 21 has a unit, then x • y := w implies that xy is defined and 
X • y = xy = w. 

We have the following 

Proposition 4.16. The strong multiplication x»y of two elements x, y G 2t 
is well-defined if and only if there exist w G 21 and a net {ca} of elements 

of 2lo such that Ca -^ y and 

ip{{xnca — w)a, z*b) — )■ 0, if z E L{x),W ip G Ai, a,b E 2lo, 
if{{c*^nx* -w*)a,vb) -^ 0, ifv E R{y),\f(f E M, a,b E 21^. 

Proof. li X •y is well-defined, then xy is well-defined. Then, by Proposition 
14. 6t there exists a net {cq,} C 2lo such that Ca ^ y and xCa -^ xy. Hence, 
by (ips4) and by the continuity of every ip E At, 

(p{{xCa — xy)a, a') = (p{x{ca — y)a, a') = (p{{ca — y)a, x*a') — > 

and 

V9((c*x* - y*x*)a, a') = ip{x*a, (ca - y)a') -^ 0. 

The converse is straightforward. D 
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Proposition 4.17. Let x,y be M.-hounded elements of Qi. Then x • y is 
well-defined if and only if xy is well-defined. 

Proof, li x»y is well-defined, then xy is obviously well-defined. Assume that 
xy is well-defined. Then by Proposition 14. IH xy is bounded. Let z G L{x). 
For ip E Ai we denote by ir^p the corresponding GNS representation. Then, 
as it is easily seen, for every A^-bounded element z, n^{z) is a bounded 
operator. Hence, for every a, 6 G 2to and y? G A^, 

\(p{{xy)a,z*b)\ = \ {■K^{xy)X^{a) \TT^{z*)X^{b)) \ 

= I {'K^{x)n'K^{y)X^{a) \'K^{z*)X^{b)) \ 
< ||7r<^(a;)||||7r^(i/)A^(a)|| \\n^{z*)X^{b)\\. 

This implies that n^{z*)X^{b) G D{n^{x)*). Hence, 

(f{{xy)a,z*b) = {■K^{y)X^{a) \-n^{x)* ■K^{z*)X^{b)) 
= (TT^{y)X^{a) \'K^{x*)n'K^{z*)X^{b)) 
= {'K^{y)X^{a) \7T^{x*z*)X^{b)) 
= ip{ya,{x*z*)b). 

Condition (51x12) is proved in a similar way. D 

Proposition 4.18. Let x,y be Ai-bounded elements of^. Then, for every 

(f E Ai, 7!'^{x)n7i^{y) is well-defined. 

Proof. Indeed, we have, for every a,b E 2lo, 

I (7r<p(l/)A^(a) |7r^(x*)A^(6)) | = \ip{ya,x*b) 

< i^{ya,yaf''^^{x*b,x*bf''^ 

< qMix)qMiy)^ia,ay^'^vib,by^'^. 

Then, by the representation theorem for bounded sesquilinear forms in 
Hilbert space, there exists Z^ E B{l-L^) such that 

(vr^(y)A<^(a) |7r^(x*)A^(6)) = (Z^A^(a) \X^{b)) . 

This implies that ^:^p{x)^^]:^p{^|) is well-defined. D 

Remark 4.19. We emphasize that this does not imply that there exists 2; G 21 
such that T^ip{x)nTt^p{y) = 7i^{z). This fact will motivate a further restriction 
on the family Ai, see Definition 14.261 below. 

It is natural to ask under which assumptions 2lo itself consists of bounded 
elements. 
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Proposition 4.20. Let 2l[r] be '^o-'<^^gular. Assume that the directed family 
{Pa}aei defining the topology r has the property that, for every a & I, 

(4.1) liminf (p«((a*a)2"))^~" <oo, Va G 2to. 

n—^oo 

Then every a G 2lo zs Ai -bounded. 

Proof. Let a,b E Qio- By the Cauchy-Schwarz inequality, we liave 

ip{ab,ab) = ip{b,a*ab) < ip{b,by/^ip{a*ab,a*aby/^ = v{b,bf'^'^{b,{a''afbY/\ 

Iterating, one obtains first 

i^{ab,ab) < i^{b,bY'^+^'^^{{a*a)\{a*afbf/\ 

and then the following Kaplansky-like inequality: 

V{ab,ab) < ^{b,b)'-'''"^''^{{a*af''b,{a*arbf''"^'\ 

By the continuity of ip and of the right multiplication by 6 G 2to, we can 
find a continuous seminorm p such that 

V{ab,ab) < <^(6,6)i-2-("+^' {p{{a* aD)''" pib)''" . 

On the other hand, there exists a and 7 > such that p{x) < ■jpa{x), for 
every x G 21. Hence, 

^{ab,ab) < (p(6,6)i-2-'""^2-""^ (p.((«*a)^"))''%.(&)^"". 
Taking the lim inf of the rhs, we finally obtain 

ip{ab, ab) < 7^ ip{b, b), V6 G 2to, 
where 7a := liminf„_^oo (Pa((a*a)^")) • □ 

Example 4.21. As shown in Section 3, C'{T>,'H)[ts] is a ^-regular partial 
*-algebra. The seminorms defining t^ satisfy (14.11) . since the elements of *P 
are bounded operators in Hilbert space. Indeed, if A G *P, 

ii(^*^reii<Pip""iieii,veGP, 

and so (14.11) holds in this case. 

The following mixed associativity in 21 , similar to (12. 5p . can be easily 
proved by using Definition 14.141 

Proposition 4.22. Letx,y,z G 21. Assume thatxay, [xay)az andyz are 
all well-defined. Then x G L{y • z) and 

Xa{y • z) = {xny)nZ. 
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As we have seen in Section [21 the r^'^-density of 2lo and Proposition 
14.71 imply the existence of a strong multiphcation induced by 2lo. But this 
multiphcation is, in general, only a restriction of the multiplication • defined 
above. However, let us assume that 21 is semi-associative with respect to 2lo, 
by which we mean that 

(4.2) {xa)b = x{ab)] a{xb) = {ax)b, Wx G 21, a, 6 G 2lo. 

In other words, (21, 2lo) is a quasi *-algebra. In that case. Proposition 14.221 
implies the topological regularity of 21 [r]. 

Proposition 4.23. Let 21 be semi-associative with respect to 2lo- Then 
2t[r^] (and hence 2l[r]j is topologically regular. 



Proof. By Proposition 14. 7[ the operator of left multiplication L^, defined on 
R{x) is r-closed, for every x G 21. Let y G -D(L°), where L° denotes the 
closure of the restriction of L^. to 2lo. Thus, there exists a net {ya} C 2lo 

and w G 21 such that ya ^ y and xy^ -^ w. Then, x G L{y) and, using 
(ips4), 

(p{{xy)a,z b) = \im.ip{{xya)a,z b) = \im.ip{x{yaa),z b) 

a a 

= \miip{yaa,{x z )b) = Lp{ya,{x z )b), W ip E Ai, a,b E ^o- 

a 

Hence (srrii) holds. The proof of (sm2) is similar. D 

Remark 4.24. If 21 is semi-associative with respect to 2to, then 2lo C -R®21, 
the set of universal strong right multipliers of 21. 

An element x has a strong inverse if there exists x~^ G 21 such that 
X • x~^ = x~^ • X = e. The mixed associativity of Proposition 14.221 implies 
that, if a strong inverse of x exists, then it is unique. 

Theorem 4.25. Let 2t[r] be an Qlo-regular partial *-algebra satisfying con- 
dition (wp) and let Ai be the set of all continuous ips- forms with core 2lo. 
Let IT be a {T,ts)- continuous * -representation of Qi, (that is it : 2l[r] — )■ 
C'(T>,'H)[ts] continuously). Then, an element x G 21 zs Ai-bounded if and 
only if 7c{x) is a bounded operator. 

Proof. Let us define the following positive sesquilinear form: 

^ai^^y) ■= {'^{x)^\rr{y)0 ■ 
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The conditions (ipsa) and (ips4) are easily verified. By the continuity of tt 

we get 

< lPa{x)pa{y), 

for some 7 > 0. Then (f^ is an ips- form and (f^ & Ai. 
If X is A^-bounded, by definition, we have: 

(f^{xa,xa) < g^(a;)^v9^(a, a), V,^ G V, Va G 2to. 

For a = e, one has: (p^{x,x) = ||7r(a;)^p < g^(x)v25(e, e) = gAi(a;)||'ClP- 

Conversely, let us suppose that 7r(x) is bounded for all (r, ts)-continuous 
*-representation vr of 21. In particular, the GNS representation n^ defined 
by V9 G A^ is (r, ts)-continuous, so it is bounded on V^ := {\^{a), a G 2to}. 
Then, there exists 7 > such that ||7r^(2;)^p < 7^||^|p, V^ G V^. Since 
( = Xy,{a) with a G 2lo, then \\'K^{x)X^{a)\\^ < 7^||A<^(a)|p, Va G 2to, i.e., 
ip{xa,xa) < 'y'^ip{a,a) and x is A^-bounded. D 

We expect that A^-bounded elements can also be characterized in terms 
of their spectral behavior. For this, some additional assumptions on the 
family Al of ips-forms are needed. 

Definition 4.26. Let Al be a family of continuous ips-forms on 21 x 21. For 

every Lp E M., let n^ denote the corresponding GNS representation. We say 
that Al is well-behaved if 

(wbi) Al is sufficient; 

(wb2) For every ^9 G Al and every a G 21, (/?„ G Al also, where (pa{x,y) := 

ip{xa,ya); 
(wba) If X, y G 21 and 7i^{x)n7i^(y) is well-defined for every ip G Al, then 

there exists z G 21 such that TT^{x)nTr^(y) = it^{z), for every ip G A4; 
(wb4) 21 is r^'V-complete. 

To give an example, if 971 = C\V,'H)[ts*] or if 9Jt is any partial GC*- 
algebra of operators, the family 

Al := {^5 : e G V, MX,Y) = {X^\YO ,X,Yem} 
is well-behaved. 

Proposition 4.27. // Al is well-behaved, then V{qj^) is a C*-algebra with 
the strong multiplication • and the norm Qj^ . 

Proof. By Proposition l4.18l it follows that iix,y G Vi^qj^), then 7r<^(x)n7r^(y). 
Thus, by (wbs), there exists z G 21 such that T^^{x)m]:^{y) = n^{z), for every 
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(f E A4. Then, for every y9 G A^ and a,b E 2to, 

(p{ya,x*b) = {'K^{y)X^{a) |7r^(a;*)A^(6) ) 
= {TT^{x)mT^{y)\^{a) \X^{b)) 
= {'K^{z)X^{a) \X^{b)) 
= ip{za, b). 

Hence xy is well-defined and, by Proposition 14. 17^ x • y is also well-defined. 
Since q^ is a C*-norm on V{qj^^), we need only to prove the completeness 
of T>{qj^) to get the result. 

Let {xn} be a Cauchy sequence with respect to the norm q^. Then {x*} 
is Cauchy too. Hence, by (wb2), for every ys G A^ and a G 2lo we have 

V^((a^n — Xm)^, {xn — Xm)o) — )• 0, as n, m — )■ oo 

and 

V9((x„ — x^)a, (x„ — x^)a) — )■ 0, as n, m — ;■ cxd. 
Therefore, {x„} is Cauchy also with respect to r^. Then, by (wb4), there 
exists X G 21 such that x„ A x. Since 

Lp{xa^xa) = lim (^{xna, Xna) < limsupg^(x„)^y9(a,a) 

n— >oo n—^oo 

and limsup„^oo qM^XnY < oo (by the boundedness of the sequence {qM{.Xn)}), 
we conclude that x is A^-bounded. Finally, by the Cauchy condition, for ev- 
ery e > 0, there exists n^ G N such that, for every n,m > n^, q^ixn — x^) < 
e. This implies that 

V9((x„ - x.m)a, {xn - Xm)a) < e(f{a, a), \/(f e M, a e Qio- 

Then if we fix n > n^ and let m — ?■ oo, we obtain 

V^((a^n — a^)fl, {xn — x)a) < eip{a, a), Wip G A^, a G 2to. 

This, in turn, implies that qM{xn — x) < e. This completes the proof. D 

Let us now introduce the usual spectral elements adapted to the present 
situation. 

Definition 4.28. Let a; G 21. The resolvent p^{x) of x is defined by 

p-^(x) := {A G C : (x - Ae)"^exists in ©(g^)} . 
The corresponding spectrum of x is defined as cr^(x) := C \ p^{x). 

In similar way as in [13J it can be proved that, if Ai is well-behaved, (a) 
p-^(x) is an open subset of the complex plane; (b) the map A G p^{x) \-^ 
{x — Ae)^^ G V{qj^) is analytic in each connected component of p^{x)] (c) 
a^{x) is nonempty. 
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As usual, we define the spectral radius of a; G 21 by 
r^{x) :=sup{|A| : Xea^{x)}. 

Theorem 4.29. Assume that M. is well-behaved and let a; G 21. Then 
r^{x) < oo if and only if x E V{qj^). 

Proof. If a; G V{qj^), then (t^{x) coincides with the spectrum of x as an 
element of the C*-algebra V{qj^) and so o"-^(x) is compact. Conversely, 
assume that r^{x) < oo. Then the function \ \-^ {x — Xe)~^ is g^-analytic 
in the region |A| > r^{x). Therefore it has there a g^-convergent Laurent 
expansion 

oo 

{x-\er' = Y.y,, |A|>r-(x), 
fc=i 

with Ofc G V{qj^) for each A; G N. As usual 

where 7 := {A G C : |A = i? : R > r^{x)} and the integral on the r.h.s. is 
meant to converge with respect to qj^. 

For every (/? G A^ and b,b' G 2lo, we have 

^ 1 f ^{{x-Xe)-^b,x*b') 
ip{akb,x b) = —- — dX 



27ri J^ A-'^+i 

1 f ^{{x-Xe)-^b,{x* -Xe)b') 

dX 



27ri J^ A-'^+i 

2m J^ A-^'+i 

1 ^^(6."'),, 1 fv^((^^Ae)-MO,, 



27ri J^ A-'^+i 27ri J^ X''' 

= ip{ak+ib,b'). 

This imphes that xa^ is well defined, for every A; G N and xak = a^+i. 
In particular, 

(p{aib,x*b') = (p{{x — Xe)~^b,x*b')dX 

2tii J^ 

= —ip((f{x-Xe)-^dXjb,x*b' 
Hence xai = —x. Thus finally x = —02 £ 1^{(1m)- D 
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In our previous paper ^4] , we have introduced a notion of strong inverse 
based on the multiphcation obtained by closure, and this has allowed us to 
derive a number of spectral properties. Now the notion of strong multipli- 
cation • defined here (Definition 14.131) allows to obtain similar results. In 
particular, Proposition 4.13 of [4| may be generalized as follows. 

Proposition 4.30. Assume that 21 is is topologically regular over 2to and 
let X G 21. Then, every A G C such that \\\ > qM{x) belongs to p^{x). 

Proof. Let x^^ be the strong inverse by closure of x G 21 so that x^^ G 
L{x) nR{x). Of course, we may assume that x G Vi^qj^). Then the following 
analogue of (srrii) holds true: 

ip{{xx~^)a, z*h) = ip{a, z*b) = ip{x'^a, {x*z*)b), 

Wze L{x),'iip eM,'ia,be 21^. 

Let indeed x~^ G -D(L°). Then there exists a net {wa} C 2lo such that 

Wa -^ x~^, xWa ^ 6. Then, using the the continuity of </? G A^, that of the 
multiplication by 2lo, and (ips4), we have: 

ip{x~^a,{x*z*)b) = lira Lp{waa,{x*z*)b) =\iiaip({xWa)a, z*b) = ip{a, z*b). 

a a 

In the same way, one proves the following following analogue of (sm2) 

ip{{x'^*x*)a,vb) = (f{x*a,{x'^v)b), Vf G R{y),^ Lp G A^,Va, 6 G 2lo. 

Since x • x~^ = x~^ • x = e, one shows in the same way, for x G D(L°_i), 
that 

ip{{x~^x)a, z*b) = {p{a, z*b) = {p{x~^a, {x^-^ z*)b), 

Wze L{x),\/ip eM,ya,be 2lo, 

and 

(f{{x*x~'^*)a,vb) = (f{x~'^*a,xvb), \/v G R{y),\/(f G M,ya,b G 2lo. 

Thus we have proved that if a;~^ is the strong inverse by closure of x G 2t, as 
defined in [1], then x~^ is also the strong inverse with respect to the strong 
multiplication • (the converse is not true in general). 

Combining this fact with Proposition 4.13 of [4J, we can conclude that 
(x — Ae)""*^ exists as a strong inverse, which proves the statement. D 

Remark 4.31. The previous Proposition implies that, for every x G 21, 
r-^(x) < qM{x), for every choice of the sufficient family Ai. Clearly, if 
X ^ V{qj^), then both r^(x) and qjvi{x) are infinite. 
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5. Existence of faithful representations 

The lesson of Theorem 14.251 is essentially that the notion of A^-bounded 
element given above is reasonable: as for the case of locally convex *- 
algebras, a good notion of boundedness of an element is equivalent to the 
boundedness of the operators representing it. This definition will be even 
more significant if the locally convex partial *-algebra under consideration 
possesses sufficiently many *-representations. This fact is expressed, in the 
case of locally convex *-algebras, through the notion of *-semisimplicity 
which we will extend to locally convex partial *-algebras in a natural way. 

A *-representation of a partial *-algebra 21 is a *-homomorphism vr : 
21 —7- C^{'D,'H). If 2l[r] is 2to-regular, then, by definition, it has a r*-dense 
distinguished *-algebra 2lo. Clearly, 7r(2lo) is a *-algebra of operators, but 
in general 7r(2lo) ^ C^{V). However, we can always guarantee this property 
by changing the domain. Indeed: 

Proposition 5.1. Let 21 he an Qlo-regular partial *-algehra and let n be a 
* -representation of 01 with domain V inl-L. Put 

and define 

7ri(a) Uo + J^7r(6i)^i j := 7r(a)^o + J^ 7r(a)n7r(6i)^i. 



i=l 



i=l / j=l 



Then tti is a ^-representation of 21 with domain Vi D V and 7r(2to) C 

The proof of this proposition is given in Appendix A. Thus we can con- 
clude that it is not restrictive to suppose that 7r(2lo) C C^{V). 

Now we can state the result announced at the end of Section [31 

Theorem 5.2. Let 21 be an Qio-i"Ggular partial *-algebra, with a sufficient 
family Ai of ips-forms, in particular, a partial GC*-algebra. Then: 

(i) 21 has a faithful, {t^Is)- continuous representation into a partial GC*- 
algebra of operators. 

(a) Assume, in addition, that the family M. is well-behaved. Then 21 has 
a faithful, {t., Is) -continuous representation onto a partial GC*-algebra of 
operators. 
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Proof, (i) For every ip E Ai , let {n^, X^,'H^) be the corresponding GNS 
construction. Define, as usual, Ti := (B^pf^jvO^ip and 

^W := a = (A^(«)), a e 2lo : ^ ||7r^(x)A^(a)f < oo, Vx G 21}. 

tp€M 

Then, putting 

7r(x)^ := (7r<^(x)A<^(a)), a G 2to, 

one defines a faithful representation of 21. 

Taking into account the continuity oi (p E Ai and of the multiplication 
by 2lo, we have: 

||7i'(p(a;)A<^(a)|p = (p{xa,xa) < p{xaY < p'{xa), 

for some r-continuous seminorms p, p' . This implies that vr is (r, ts)-continuous. 
So, by Theorem 14.251 if x G V{qj^), n{x) is bounded and one finds by a di- 
rect check that 



lF(a;)|| < g^iia;). 

(ii) Let now the family Ai be well-behaved. Then 'D{qj^) is a C*-algebra 
and, hence. 



lk(x)|| = g^(x), Vx G V{q^), 

and 7r(I>(gjn)) is a C*-algebra. 

Moreover, if 2lo C V{qj^), then Vi^qj^) is r*-dense in 2t. Hence, if x G 2t, 
there exists a net {xq,} C 2lo such that Xq, — )■ x. This implies that x^ — )■ x 
and X* Ax*. 

Then, since vr is (r, ts)-continuous, we have that vr(xQ,)^ — )■ vr(x)^ and 
"^{^ti)^ ~^ '^i.^*)i^ '^ i ^ ^(^)- This implies that vr(xQ,)^ A- 7r(x),^. Hence, 
7r(r'(g^)) is ts*-dense in 7r(2t). 

The construction of tt implies that 7r(2t) is a partial *-algebra. Assume 
indeed that 7r(x)n7r(y) is well-defined. Then ^^^p{x)^'K^p{y) is well-defined, for 
every ip E M.. Hence there exists a 2; G 21 such that 7r(p(x)n7r<^(?/) = ti^{z). 
This in turn implies that 7r(x)n7r(y) = t^{z). 

In general, however, 7r(2t) need not be complete with respect to t^.. 
Assume that {7r(xQ,)} is a net in 7r(2l): 

7r(xa)HZG/:^(r'(7r),-H). 

Then, by the definition of vr, 

T^^{,Xc) 4 Z.^, where Z^^^ = {Z{^^)) 
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This implies that, for every a G 2lo, 

vr<^(x*)A^(a) -^ Z*X^{a). 
Hence 

(p{{xa - X/3)a, {Xa - X/3)a) = \\Tr^{xa - X/3)A^(a)f -^ 0, 

for a;,/9 "large" enough and every a G SIq. Similarly, 

(/?((x* -xj)a, (x* -x*)a) = ||7r^(x* -xJ)A^(a)f ^0, 

Since A4 is well-behaved, {xq,} is a r^-Cauchy net. Thus there exists x G 21 
such that 

ip(Xa — X,Xa — x) — )■ 0, V </? G A^. 

By (wb2), it follows that 

f{{xa — a;)a, {xa — x)a) — )■ 0, \/ ip G A^, a G 2to. 

In conclusion, 7r^(xQ,) ^ vr^(a;), Vy? G A^ and, hence, 7r(xQ,) ^ 7r(x). Thus 
7r(2l) is t^. -closed and, hence, 7r(2t) is t^. -complete, if one remembers that 
C'{V,'H)[ts*] is complete. This concludes the proof. D 

For topological *-algebras the set of elements which belong to the in- 
tersection of the kernel of all continuous *-representations constitute the 
so-called *-radical of 21 (see, e.g. [51 [7|). 

In a previous paper [3], we have introduced the notion of algebraic 
*-radical and the attending definition of an algebraically *-semisimple par- 
tial *-algebra. In the present context, the presence of a sufficient family of 
continuous ips-forms allows one to introduce similar concepts at the topo- 
logical level as well. Thus the notion of *-radical has a natural extension to 
our case. 

Let in fact 2l[r] be an 2lo-regular partial *-algebra. We define the *-radical 
of 21 by: 

TZ (21) := {x G 21 : 7r(x) = 0, for all (r, ts*)-continuous *-representations vr} 

We put 7^*(2l) := 21, if 2l[r] has no (r, t^. )-continuous *-representations. 

Proposition 5.3. Let 2t[r] be an 2to-reg"u/ar partial ^-algebra and P2io(^) 
the set of all t -continuous ips-forms with core 2lo. For an element x G 21 
the following statements are equivalent. 

(i) xG7^*(2l). 

(ii) (p{x,x) = for every ip G Pa^(2l). 
(iii) x*x is well-defined and x*x = 0. 
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Proof, (i)^(ii): Assume that, for all x G 21, x 7^ 0, there exists a contin- 
uous ips-form with core 2to, such that (p{x,x) > 0. Let {n^.T-L^.X^) be 
the corresponding GNS construction. The GNS *-representation is (r*,ts.)- 
continuous. Indeed, if a G 2lo, we have: 

||7r<^(a;)A^(a) ||^ = Lp{xa, xa) < 7^p* (xa) < ^'p^ix) . 

On the other hand, 

\\7T^{x*)X^{a)\\'^ = ip{x*a,x*a) < 7^p*(x*a) < 7"p^(x*) = 7"'p^(x). 

Finally, ||7r(p(x)A^(e)|p = (p{x,x) > 0, and this implies 7r^(x) 7^ 0. 

(ii)=^(iii) Assume that ip{x,x) = for all ip G V'^^^'Qi). For a G 2lo, 
(^a(a^, a^) = 0, since as it is easy to see ipa G V<n^{^). By the Cauchy-Schwarz 
inequality, it follows that ip{xa,xb) = 0, for all a,b & SIq. By (wp), this 
means that x*nx = x*x is well defined and x*x = 0. 

(iii)^(i) Assume now that x*x is well-defined and x*x = 0. Then, if vr 
is a (r, ts* )-continuous *-representation of 21, Tc{x*)nTc{x) = Tc{x)^nTc{x) is 
well-defined and equals . Hence, for every ^ G 'D{n), 

||7r(x)ef = (7r(x)e Hx)0 = (vr(x)e |7r(x)0 

^7r(x)^n7r(x)^|^^ = (7r(x*)n7r(x)^ |^) 
= (7r(x*x)eiO = 0. 
Hence tt{x) =0. 

n 

Clearly if 21 possesses a sufficient family JH of r-continuous ips-forms. 



then P2i^(2l) itself is sufficient. By Proposition 15.31 it follows that 7?.* (21) = 
{0}. Conversely, if 7^*(2t) = {0}, then Pao(2l) is sufficient. The choice of 
considering a sufficient family Ai instead of the whole V<^^ (21) is motivated 
by the fact that characterizing the space V<^^{^) in concrete examples is 
much more difficult than choosing a sufficient subfamily. 

As for the case of topological algebras, it is natural, at the light of the 
previous discussion, to call *-semisimple an 2lo-regular partial *-algebra 2l[r] 
such that 7^* (21) = {0}. We hope to carry out a more detailed analysis of 
this situation in a further paper. 

Appendix A. Proof of Proposition 15.11 

We give here a proof of Proposition 15.11 The argument used is very 
similar to that given in [TUl Proposition 1] in a different context. To keep 
the notation lighter, we will assume that 7r(e) = /©. The general case can 
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be proved by a slight modification of tlie argument below. Note that all the 
considered sums are finite. 

We have to check that vri(a) is well-defined for every a G 21 and that tti 
is a *-representation of 2t. 



J2i^{a)u7r{bm 






«j 



«j 



Y. (6 \{nmunia*c,))v,) = J2 ( ^(^^)^^ 



«j 



^(7r(a*9)r7j \ 



Hence, if J2i'^i^i)^i = 0^ then ,^ := X]j(^('^)°^(^j))'Cj is orthogonal to every 
element of Vi, which is dense in "H. Thus ^ = 0. This proves that TTi{a) is, 
for every a G 21, a well-defined linear map of "Di into Ti. Clearly, 7ri(2to) C 
£t(p). 

Moreover, the above equalities also imply that 



^i(^) Y^ibi)^i 



J^^^^j^f^i ) = (5Z^(^^)^^ 



ni{a*)Y7i{cj)r]j 



Hence, '7ri{a)^ = 7ri(a*). 

Let now ai,a2 E Qi with aia2 well-defined. We have to prove that 7ri(ai)n7ri(a2) 

is well-defined and 7ri(ai)n7ri(a2) = 7ri(aia2): 



7ri(aia2)(^7r(6i)^i) \Y'^{cj)r]j\ = ^ {n{aia2)nn{bi)^i \TT{cj)r]j) 



«j 



On the other hand: 



7ri(a2)(^7r(6i)^i) 7Vi{ai)^ J2^((^j)Vj} = XI ^^("2)nvr(6i)^i |7r(a*)n7r(cj-)^i) 

= Y{n{a2bi)^i\7r{alcj)r]j). 



«j 
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Now, checking that c*{{aia2)bi) = {c*{aia2))bi, we have: 

Xl (^(«2&i)^i \Tr{alcj)r]j) = ^ {■n:{c*ai)mr{a2bi)^i \r]j) 



«j «j 



^ (^(7rt(c^.)n7r(ai))n7r(a2fei)Ct l^i/ = J]] (^7rt(cj)n(7r(ai)n7r(a26i))^i \r]j 
^ ((7r(ai)n7r(a2&i))Ci k(9)^j) = J]] (((7r(ai)n7r(a2))n7r(6i)^i k(cj)r7j) 



This proves the statement. 
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